The Einstein's equations with a negative cosmological constant admit solutions which are asymtotically anti-de Sitter space. Matter fields in anti-de Sitter can be in stable equilibrium even if the potential energy is unbounded from below, violating the weak energy condition. Hence there is no fundamental reason that black hole's horizons should have spherical topology. Here it is shown that in anti-de Sitter space the Einstein's equations admit black hole solutions where the horizon can be a Riemann surface with genus g. The case g = 0 is the asymptotically anti-de Sitter black hole first studied by Hawking-Page, which has spherical topology. The genus one black hole has a new free parameter entering the metric, the size of the torus. The genus g > 1 black hole has no other free parameters apart from the mass. All such black holes exihibits a natural temperature which is identified as the period of its euclidean continuation and there is a mass formula connecting the mass with the surface gravity and the horizon area of the black hole. But due to a peculiar character of some of its properties it is unknown, to the author, whether the black hole could form as a result of gravitational collapse.
In general relativity it is widely believed that black holes formed by gravitazional collapse have spherical horizon [1] . The Einstein's equations with a negative cosmological constant admit black hole solutions which are asymptotic to anti-de Sitter space. These solutions have spherical horizon and obey thermodynamics laws like asymptotically flat black holes [2, 3] . In 2 + 1 dimensions there are the recently discovered globally anti-de Sitter black hole solutions [4] , which have constant curvature everywhere, not just asymptotically at infinity. The horizon of a 2 + 1 solutions is a closed line, which leaves not much space for introducing non trivial topology. On the other hand, there do not seems to exist a reasonable, higher dimensional generalization of the BTZ black hole. Those recently found have horizons with spherical topology, but all the anti-de Sitter conserved charges are infinite [5] . We presents here a solution describing a family of black holes with non trivial horizon topology. The solution was inspired by trying to generalize to higher dimensions the BTZ construction in 2 + 1 dimensions. Although anti-de Sitter space does not seems to correspond to the world in which we live, its importance has been noticed in many occasions [6] [7] [8] [9] [10] [11] . Two features are worth to mention. Firstly, anti-de Sitter and Weyl conformal gravity are the only type of gravity which have a consistent interaction with massless higher spin fields [12] and, secondly, consistent anti-de Sitter strings exist for any D = 26 (or D = 10) [13] , provided the cosmological term has the critical value which is required by anomaly cancellation.
After this brief digression, we begin by presenting the metric, and then we shall discuss the relevant geometric features. We compute the mass the euclidean action and use it to calculate the entropy of the black hole. We shall not discuss entirely its causal structure, nor we make it confident that the black hole could result from gravitational collapse of some, topologically non * e-mail: vanzo@science.unitn.it trivial (i.e. non spherical) matter configuration, leaving these questions to the future. We use the curvature conventions of Hawking-Ellis's book [1] and use Planck dimensionless units.
The class of metrics we consider is
where σ ij is the metric of an unspecified two manifold and V = f (r). The Ricci tensor is
where the calligraphic's R ij refers to σ ij . Now one verifies immediately that the function
makes the metric to satisfy Einstein's equations with negative cosmological constant, R ab = Λg ab , Λ = −3ℓ −2 , for any pair (κ, k ′ ). The surprising fact is that for this to be true, the two dimensional metric σ ij must satisfy the equations for a constant curvature two surface, which needs not be a sphere, namely R ij = κσ ij and R = 2κ. Therefore if κ = −q 2 < 0, the transverse two manifold must be a surface with constant, negative curvature, and if compact and orientable, it must be a Riemann surface with genus g. Actually, the parameter q is fictitious as long as non zero, since we can always rescale t, r, k ′ and σ ij so as to achieve that q = 1. Hence we take the metric in the form
where now R ij = −σ ij describes a Riemann surface with genus g > 1 and Euler number χ g = 2 − 2g. From the Gauss-Bonnet theorem, the area will be A = −8πχ g = 4π(g − 1), but in the case g = 1, where it is undetermined and depends on one more parameter that is not specified in the metric (this is the Teichmüller complex parameter of the torus). The metric possesses an irremovable singularity at r = 0, because the invariant R abcd R abcd blows up like r −6 near r = 0. We consider now whether the space represents a genuine black hole. The standard procedure to analyze black holes is to investigate the causal structure. The lapse function of the metric (0.4) always has a positive root at some r + . This is the solution of the cubic equation r 3 −ℓ 2 r−2kℓ 2 = 0, and the character of the roots depends on the sign of the discriminant, D = k 2 ℓ 4 − ℓ 6 /27. Then
is the only real root for D > 0. If D < 0, the only positive root can be written as
where θ ∈ [0, π/2], the other two roots being real and negatives. Finally, there is a case where D = 0, or ℓ 2 = 27k 2 , for which again there is only one positive root at r + = 6k, the others being equal but negatives. The root makes the three surfaces r = r + an event horizon. The metric admits a Kruskal like extension in which the r = 0 singularity is spacelike (as in the Schwarzschild solution). Because of this fact, each future directed null geodesic behind the horizon will inevitably crash into the singularity at r = 0, so it can never reach infinity. A related fact is that the expansion of each constant r surface with r < r + is negative and as such it is a closed trapped surface. The solution therefore represents a black hole. The horizon has a portion to the future of the static region r > r + , and a portion to the past. The two sheets intersects in a genus g Riemann surface, which is the fixed point set of the time translation symmetry of the solution. The horizon is thus a bifurcate Killing horizon. As such, it has a surface gravity, κ g for the genus-g case, which can be computed by standard means as
Despite the appearance, it is positive and never zero so there is not an extreme solution and the area section of the horizon is A g = 4πr 2 + (g − 1), g > 1, and undetermined in the g = 1 case (the torus). The mass of the solution is a rather delicate matter, and we shall discuss this question after having analyzed the asymptotics of the solution.
To understand the geometrical origin of the genus g surfaces of constant r, let us pause for a moment with the black hole and consider the solution with k = 0 and κ = −q 2 not normalized to −1. The curvature tensor for this solution is R abcd = −ℓ −2 [g ac g bd − g ad g bc ], which shows that the space is locally isometric to the universal covering of anti-de Sitter space. The surprise comes when computing the curvature tensor of the constant r surfaces. It is given by
, and therefore it describes a space of constant, negative curvature again. If this surface is compact and orientable, then it must be a Riemann surface of genus g > 1 for q 2 > 0. If q = 0, then the surface is a torus, and q = ±i/R gives a sphere of radius R. Anti-de Sitter space, AdS for short, is the maximally symmetric space which is obtained by restricting the metric ds 2 = −dx 2 − dv 2 + dy 2 + dz 2 + du 2 in IR 5 , with rectangular coordinates (x, v, y, z, u), to the hyperboloid
The cosmological constant figuring in Einstein's equations is Λ = −3ℓ −2 . The topology of the space is that of S 1 × IR 3 , but notice that each circle x 2 + v 2 = τ 2 gives a timelike curve in AdS. Hence we pass to the covering by opening the circle into a real line. Given this, we note that by fixing v 2 − u 2 = ℓ 2 ξ 2 to be greater than ℓ 2 , i.e. ξ 2 > 1, makes the three remaining coordinates to range over hyperbolic two-space, which we denote by H 2 . The orbits of constant ξ describe uniformly accelerated observers in anti-de Sitter space, and we shall see now that the remaining H 2 , which carries a positive definite metric, is the acceleration horizon of such observers. To this aim, we make use of the following parametrization
and then set r 2 = ℓ 2 (q 2 + ξ 2 ). Then the metric takes the form
where dσ 2 = dρ 2 + sinh 2 ρdθ 2 is one of the many forms in which the metric of hyperbolic 2-space H 2 is presented. Setting as before q 2 = 1, the metric differs from Eq. (0.4) by the absence of the crucial term 2k/r, but is otherwise identical.
The lapse function of the metric has a zero at r + = ℓ, which makes the metric of the three surface r = r + degenerate. This surface is in fact a bifurcate event horizon, the future portion intersecting the past portion in a transverse H 2 , which is the fixed point set ot the time translation symmetry. Although the metric displays the properties of a black hole, it is not in fact, as it represents the portion of AdS which is causally accessible to a family of accelerated observers. This is not the end of the story, as H 2 is non compact and we want a compact horizon. The SO(2, 3) symmetry group of AdS contains an SO(1, 2) subgroup acting on the (x, y, z) sector of the five coordinates. This symmetry leaves unaffected the accelerated trajectories and only mixes the points in H 2 , where it acts as a group of isometries. It is a well known fact that any Riemann surface with genus g > 1 is the quotient space of H 2 by a a discrete subgroup of isometries (roughly speaking, this is a subgroup whose elements can be labelled with an integer), acting in H 2 without fixed points (including infinity in H 2 , so for example discrete translations are forbidden) and properly discontinuously (this means that the translates of any compact set are disjoints). Thus we may pick up such a discrete subgroup, say Γ, and make the quotient (i.e. the orbit space). This makes the horizon a compact Riemann surface of genus g > 1. Again, the black hole interpretation of the metric is misleading, as it only represents the compactification of the fixed point set of the acceleration horizon. We shall call the resulting space time the RiAdS (Riemann-anti-de Sitter space) 2 . We conclude that Eq. (0.4) is asymptotically the RiAdS spacetime.
There is a certain amount of freedom in defining the mass of the black hole, as this involves the subtraction of a zero point for energy. As the topology of RiAdS is not that of anti-de Sitter space, but it represents nevertheless a uniformly accelerated observer in AdS with a compactified horizon, it seems natural to define the mass by taking RiAdS as a reference backgoround. In other words, we arbitrarily assign zero mass to RiAdS, for any g.
We shall now identify the mass of the black hole as the on-shell value of the hamiltonian. This is
where S g is a Riemann surface with genus g, Θ is the trace of the extrinsic curvature of S g as embedded in a constant t hypersurface, Θ 0 is the same quantity as if S g were embedded into RiAdS and the limit r → ∞ is understood. This then gives
in the g > 1 and g = 1 cases respectively, A being the undetermined area of the torus in the second case. If around the black hole there is a matter distribution, then one can obtain a mass formula along the lines of [15] , but subtracting in addition the volume contribution of the background with the same genus. This has an horizon at r + = ℓ and a surface gravity κ b = ℓ −1 . The mass formula in the vacuum case reads
the last term being the effect of the volume contribution of the solution and the background. The mass so defined is also equal to the Abbott-Deser mass for asymptotically AdS spaces, if only one repeats their analysis in the present case, and satisfy the first law
The euclidean solution obtained by rotating the time coordinate to imaginary values, exists as a riemannian metric for r > r + and has a conical singularity at r = r + , unless the imaginary time, τ , is identified with period
Unlike the asymptotically AdS black hole studied in [2, 3] , the period has no maximum value and is never zero, so the solution exists for any β h . We shall compute the off-shell euclidean action of the black hole
where ∂M = S 1 × S g is the boundary of the solution identified with period β = β h at some fixed R which will be taken to infinity at the end. The term K is the trace of the extrinsic curvature of the boundary. To this action, we subtract the euclidean action of the background RiAdS, in armony with the definition of mass, and for off-shell values of the inverse Hawking's temperature. In doing so, one encounters a conical singularity in both the solutions as well as the background. The contribution of the conical singularity is given, as is well known [16] [17] [18] , by the Gauss-Bonnet theorem for a disk, and takes the form
where A is the area of the event horizon. The background contributes the same quantity with In the tree approximation one identifies −I with log Z, the partition function of the black hole [19] . Then the average energy in the canonical ensemble is < E >= −∂ β log Z = M , as expected, and the entropy is
Notice that the entropy is exactly one quarter the area in the genus one black hole, but it picks up a topological contribution in the higher genus black holes. Although these results are sensitive to the subtraction procedure, it must be said that one cannot simply subtract the anti-de Sitter background as this has a different topology, nor can one subtracts nothing as this makes infinite the conserved charges and the entropy as well. So we regard the results as tentatively correct. Another issue is the genus of the black hole, which at this level is a free, non dynamical parameter. This is unsactisfactory, and a better origin should be sought. As AdS is a possible ground state for string theory, it is not unlike that string theory and its parentage with the mathematics of the Riemann surfaces could do better than us.
